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ABSTRACT
Direct comparison between stellar and solar magnetic maps are hampered by their
dramatic differences in resolution. Here, we present a method to filter out the small-
scale component of vector fields, in such a way that comparison between solar and
stellar (large-scale) magnetic field vector maps can be directly made. Our approach
extends the technique widely used to decompose the radial component of the solar
magnetic field to the azimuthal and meridional components as well. For that, we
self-consistently decompose the three-components of the vector field using spherical
harmonics of different l degrees. By retaining the low l degrees in the decomposition,
we are able to calculate the large-scale magnetic field vector. Using a synoptic map
of the solar vector field at Carrington Rotation CR2109, we derive the solar magnetic
field vector at a similar resolution level as that from stellar magnetic images. We
demonstrate that the large-scale field of the Sun is not purely radial, as often assumed
– at CR2109, 83% of the magnetic energy is in the radial component, while 10% is
in the azimuthal and 7% is in the meridional components. By separating the vector
field into poloidal and toroidal components, we show that the solar magnetic energy
at CR2109 is mainly (> 90%) poloidal. Our description is entirely consistent with
the description adopted in several stellar studies. Our formalism can also be used to
confront synoptic maps synthesised in numerical simulations of dynamo and magnetic
flux transport studies to those derived from stellar observations.
Key words: stars: magnetic fields – methods: analytical – Sun: magnetic topology
– Sun: surface magnetism
1 INTRODUCTION
1.1 Small-scale structures of magnetic fields
Studies of solar magnetism have provided us with fantas-
tic spatial (i.e., enabling us to resolve small-scale structure
of the solar magnetic fields) and temporal (with cadences
reaching less than a minute) resolutions. Studying mag-
netism in stars, although more observationally challenging,
is equally rewarding. In particular, imaging the magnetic
field of solar-type stars, despite being less detailed, allow us
to put the Sun in a much more general context.
Solar observations have revealed a multitude of details
of the solar photospheric magnetic field. Although observa-
tions have not yet fully resolved all the solar magnetic struc-
tures, these structures are seen in a wide dynamical range:
small-scale structures organised into ephemeral regions, net-
work features and internetwork features (as small as a few
1000 km, Meyer et al. 2011) form the magnetic carpet of
the quiet Sun. As the Sun moves towards increasing activ-
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ity in its cycle, sunspots start to show up more frequently
in the solar photosphere. Sunsposts appear in pairs of op-
posite magnetic polarity and group together, forming active
regions that are then distributed at low latitudes over the
solar surface. The stellar counterparts to the solar small-
sized magnetic features are currently not resolved in images
of stellar magnetism.
The main technique used to image stellar surface mag-
netic field is the Zeeman Doppler Imaging (ZDI) technique.
This technique consists of analysing a series of circularly
polarised spectra (Stokes V) to recover information about
the large-scale magnetic topology, including its intensity,
orientation and how this field is distributed over the stel-
lar surface (Donati & Brown 1997). In practice, the star
is observed during several rotation cycles. Then, the time-
series of high-resolution Stokes V profiles is inverted into a
surface magnetic map. ZDI studies have demonstrated that
cool dwarf stars harbour at their surfaces large-scale mag-
netic fields with a wide variety of intensities and topologies
(e.g. Donati et al. 2006a; Marsden et al. 2006; Hussain et al.
2007; Petit et al. 2008; Fares et al. 2009; Morin et al. 2010;
Folsom et al. 2016).
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The ZDI technique is able to reconstruct the topol-
ogy (polarity and orientation) of the stellar magnetic field
through the stellar surface. However, these images have
much lower resolution than solar magnetic field maps due
to several factors, such as the temporal sampling of the ob-
servations, their achieved signal-to-noise ratio, the intrinsic
width of the (local) stellar line profile and the resolution of
observations. Regarding the latter, magnetic fields of differ-
ent polarities within an angular resolution element cancel
each other out.1 As a result, small-scale structures cannot
be seen by ZDI, which instead is able to map only the large-
scale magnetic field (Johnstone, Jardine & Mackay 2010;
Arzoumanian et al. 2011; Lang et al. 2014).
1.2 Synoptic maps of solar and stellar magnetic
fields
Synoptic maps of vector magnetic fields are one of the out-
puts of the ZDI technique. Through its spectropolarimetric
monitoring during several stellar rotation cycles, ZDI can
reconstruct the surface large-scale vector field in its three
components: radial Br, meridional Bθ (North-South) and
azimuthal Bϕ (East-West) components (Figure 1).
Surprisingly, and in spite of the significant advances in
solar observations for over half a decade, only the strength
and the line-of-sight (LOS) component of the solar magnetic
field have been systematically measured. Vector magnetic
fields at the photosphere are available, but mainly for lo-
calised small areas of the solar surface (e.g., active regions
Zhang 2006; Bobra et al. 2014). Full-disk vector magne-
tograms, which are required to create synoptic maps of the
vector solar field, have just recently started to be measured
with the Helioseismic and Magnetic Imager (HMI, Pesnell,
Thompson & Chamberlin 2012; Hoeksema et al. 2014) at
the Solar Dynamics Observatory and by the Synoptic Opti-
cal Long-term Investigations of the Sun (SOLIS Keller, Har-
vey & Giampapa 2003) at the National Solar Observatory.
The global capabilities of these instruments will provide us
a unique opportunity to observe the large-scale spatial dis-
tribution of vector magnetic fields across the solar surface
(Mackay & Yeates 2012).
Although synoptic maps of the stellar vector field ex-
ist for a couple of decades and have been derived for hun-
dreds of systems (e.g. Donati & Collier Cameron 1997; Do-
nati et al. 1999, 2006b; Donati & Landstreet 2009), there
are significantly fewer synoptic maps of the vector field of
the Sun. Earlier synoptic maps of the vector solar field were
created on the basis of the rotational modulation of LOS
magnetograms (Pevtsov & Latushko 2000; Wang & Zhang
2010, also called “pseudo-vector reconstruction method”).
With this method, these authors assumed that the field on
large spatial scales does not change over several days. Be-
cause of this assumption, these early synoptic maps recon-
structed only large-scale magnetic fields of the Sun. More re-
1 Magnetic elements of different polarities can be detected only
if their spectral line profiles are significantly shifted from each
other to prevent their complete overlap and cancellation. In its
turn, this requires a significant Doppler shift between the line
profiles, which can be achieved only for large spatial separations
between two flux elements.
cently, Gosain et al. (2013) used daily full-disk vector magne-
tograms from the SOLIS/VSM spectrograph to reconstruct
the vector solar field of a series of 23 Carrington Rotations.
This is a significant advance compared to the large majority
of synoptic charts of the solar magnetic field, which are re-
stricted to the LOS component of the solar magnetic field,
used to derive Br. An important conclusion reached by Go-
sain et al. (2013) is that the solar magnetic field is not nor-
mal (i.e., purely radial) to the surface at the photospheric
level. This is somewhat disturbing, as the assumption that
the solar magnetic fields are purely radial are used in several
studies.
With the new existing capabilities in producing vector
synoptic fields, we can now start to investigate the behaviour
of the meridional Bθ and azimuthal Bϕ components of the
solar magnetic field and investigate how the three magnetic
field components in the Sun compare to the ones derived in
stellar observations (e.g., Figure 1). However, direct com-
parison between stellar and solar magnetic field topologies
are hampered by their dramatic differences in resolutions.
To provide a direct comparison between solar and stellar
magnetic field synoptic maps, it is first required to ‘filter
out’ the small-scale field (i.e., the finely resolved magnetic
features) of the solar observations, since this component is
currently not accessible to ZDI studies. After this, we are
left with only the solar large-scale field, whose spatial scale
is comparable to those achieved by stellar observations.
One way to filter out the small-scale structure of the
solar field is to express the solar magnetic field as spherical
harmonics of different l degrees, up to a maximum degree
lmax. The smallest l degrees represent the largest-scale com-
ponents, e.g., l = 1 for the dipole, l = 2 for the quadrupole,
l = 3 for the octupole and so on. By retaining only the
components of low l degrees in the spherical harmonics de-
composition, we are then able to calculate the large-scale
component of the magnetic map. This approach has been
extensively applied to the LOS and radial components of
the solar field (e.g. Sanderson et al. 2003; DeRosa, Brun &
Hoeksema 2012). The choice of lmax is related to the spa-
tial resolution of the maps. In high-resolution solar synoptic
maps, lmax = 192 (DeRosa, Brun & Hoeksema 2012), while
in stellar synoptic maps, lmax . 10 (Johnstone et al. 2014),
quantitatively demonstrating the large-scale nature of the
currently available ZDI measurements. In the map shown in
Figure 1, for example, lmax = 6 (Morin et al. 2010).
To the best of our knowledge, a mathematical descrip-
tion of the solar magnetic field using spherical harmonics is
currently only available for its radial component, limiting
us to draw analogies between solar and stellar fields only
for the radial large-scale magnetic field component. In this
paper, we extend the currently available mathematical de-
scription of Br to Bθ and Bϕ components. Our description
is entirely consistent with the description adopted in sev-
eral ZDI studies (e.g. Donati et al. 2006b, 2015; Morin et al.
2010; Fares et al. 2012; Morgenthaler et al. 2012) making
it straightforward to compare the large-scale magnetic field
vector of the Sun at the same resolution of stellar stud-
ies. In practice, with the set of equations we derive in the
present study, one will be able to derive the spherical har-
monics coefficients from a synoptic map of the vector field
(either from solar observations or synthesised in numerical
simulations of dynamo and magnetic flux transport stud-
c© 2016 RAS, MNRAS 000, 1–11
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Figure 1. The magnetic field of the star GJ1156 observed in 2008, reconstructed (Morin et al. 2010) using the ZDI technique. From
left to right: the radial, meridional (North-South) and azimuthal (East-West) components. This synoptic map is expressed in terms of
spherical harmonics up to the maximum degree lmax = 6.
ies), filter out the large l-degrees (i.e., keeping the degrees
that represent the large-scale field) and reconstruct only the
large-scale field component. Alternatively, by filtering out
the small l-degrees (i.e., keeping the degrees that represent
the small-scale field), one can also study the small-scale field
distribution.
This paper is divided as follows: Section 2 presents the
method we use to decompose the magnetic field vector using
spherical harmonics and its inversion. Section 3 illustrates
applications of our method and Section 4 presents a discus-
sion and our conclusions.
2 MAGNETIC FIELD DECOMPOSITION
USING VECTOR SPHERICAL HARMONICS
2.1 The mathematical description used by ZDI
The ZDI technique consists of reconstructing the stellar sur-
face magnetic field based on a series of circularly polarised
spectra (Donati & Brown 1997). Several implementations of
the technique exist (e.g., Donati & Collier Cameron 1997;
Hussain et al. 2002; Donati et al. 2006b; Kochukhov & Wade
2016). In this work, we follow the implementation from Do-
nati et al. (2006b). In this implementation, ZDI solves for
the radial Br, meridional Bθ and azimuthal Bϕ components
of the stellar magnetic field, expressed in terms of spherical
harmonics and their colatitude-derivatives2
Br(θ, ϕ) =
∑
lm
αlmYlm(θ, ϕ) , (1)
Bθ(θ, ϕ) =
∑
lm
βlmZlm(θ, ϕ) + γlmXlm(θ, ϕ) , (2)
Bϕ(θ, ϕ) = −
∑
lm
βlmXlm(θ, ϕ)− γlmZlm(θ, ϕ) , (3)
where
Ylm(θ, ϕ) = Plm(cos θ)e
imϕ , (4)
2 Similar sets of equations are also used by Kochukhov et al.
(2014). Note that only the real part of equations (1) to (3) are
used. We also note that Equations (1) and (2) have different signs
as those in Donati et al. (2006b), because of different coordi-
nate systems adopted. In the present paper, radial field points
outwards, the meridional (θ) component increases from North to
South poles and the azimuthal (ϕ) component increases in the di-
rection of rotation (increasing longitude or decreasing rotational
phase).
Xlm(θ, ϕ) =
1
(l + 1) sin θ
∂Ylm(θ, ϕ)
∂ϕ
=
imPlme
imϕ
(l + 1) sin θ
, (5)
Zlm(θ, ϕ) =
1
l + 1
∂Ylm(θ, ϕ)
∂θ
=
1
l + 1
dPlm
dθ
eimϕ . (6)
Plm ≡ Plm(cos θ) is the associated Legendre polynomial of
degree l and order m. αlm, βlm, γlm are the coefficients that
provide the best fit to the spectropolarimetric data and are
such that Equations (1) to (3) obey the solenoidal constraint
on the magnetic field (∇ ·B = 0). The sums should be per-
formed over 1 6 l 6 lmax and |m| 6 l, where lmax is the
maximum degree of the spherical harmonic decomposition.
Alternatively, if one prefers to consider only positive m val-
ues (0 6 m 6 l), as we do in the present paper, then a factor
(2−δm,0) should be included in the sums, where δm,0 = 1 for
m = 0 and δm,0 = 0 for m 6= 0.3 Taking Eq. (1) as an exam-
ple, we have that
∑
lm αlmYlm =
∑l=lmax
l=1
∑m=l
m=−l αlmYlm =∑l=lmax
l=1
∑m=l
m=0(2 − δm,0)αlmYlm. We further note that Do-
nati et al. (2006b, see also Kochukhov et al. 2014) define
Ylm(θ, ϕ) = clmPlm(cos θ)e
imϕ, where clm is a normalisation
constant
clm =
√
2l + 1
4pi
(l −m)!
(l +m)!
. (7)
In our Equations (4) to (6), clm is absorbed in the definition
of Plm(cos θ).
2.2 Inversion of the magnetic field equations
The large majority of solar synoptic maps provide only the
LOS magnetic field component of the solar photosphere.
This component is then transformed in a radial compo-
nent Br. Several solar observatories provide the spherical
harmonic coefficients αlm, so that to obtain the radial dis-
tribution of solar magnetic field Br(θ, ϕ), one should use
Equation (1). Alternatively, when solar observatories pro-
vide the distribution of Br(θ, ϕ), usually in the form of a
bi-dimensional array stored in a fits file format, one can in-
vert Equation (1) to compute αlm. This method has been
widely used and is very powerful to extract the large-scale
3 The inclusion of the factor (2− δm,0) in the sums running only
through positive values of m is possible because the spherical
harmonics with negative values of m are related to the positive
m value components. This is demonstrated in, e.g., Johnstone
(2012). We take this approach because it speeds up calculation,
as we do not have to compute the sums for negative m values.
c© 2016 RAS, MNRAS 000, 1–11
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component of the solar radial magnetic field (DeRosa, Brun
& Hoeksema 2012), including in studies of potential field
extrapolation (e.g. Altschuler & Newkirk 1969; Altschuler
et al. 1977; Wang & Sheeley 1992; Wang, Lean & Sheeley
2000; Sanderson et al. 2003; Petrie 2013). It is straightfor-
ward to invert Equation (1), using the mathematical proper-
ties of the associated Legendre polynomials (e.g. Altschuler
& Newkirk 1969; Altschuler et al. 1977).
However, since most solar synoptic maps have only pro-
vided the radial component of the solar magnetic field, the
inversion of Equations (2) and (3) to obtain the coefficients
βlm and γlm has not been derived in the literature to the best
of our knowledge. In this section, we present a derivation of
the coefficients αlm, βlm and γlm, from a bi-dimensional dis-
tribution of the surface Br, Bθ and Bϕ. Before doing that,
we present next a couple of orthogonal properties of vector
spherical harmonics that will be used in our derivations.
2.2.1 Orthogonal properties of the vector spherical
harmonics
The vector spherical harmonics obey the following orthogo-
nal properties (Barrera, Estevez & Giraldo 1985; Carrascal
et al. 1991):∫
Ylm ·Y∗l′m′ dΩ =
∫
YlmY
∗
l′m′ dΩ = Wδl′lδm′m (8)
∫
Ψlm ·Ψ∗l′m′ dΩ = Wl(l + 1)δl′lδm′m (9)
where the superscript “∗” denotes complex conjugate, dΩ =
sin θ dθ dϕ the surface area element, W a normalisation con-
stant and δ is the Kronecker delta function. Therefore, the
surface integrals in Equations (8) and (9) are only non-null
when l = l′ and m = m′. The vector spherical harmonics
Ylm and Ψlm are given by
Ylm(θ, ϕ) = Ylm(θ, ϕ)rˆ (10)
and
Ψlm(θ, ϕ) = r∇Ylm(θ, ϕ) = r
(
∂Ylm
∂θ
θˆ +
1
sin θ
∂Ylm
∂ϕ
ϕˆ
)
= r
[
(l + 1)Zlmθˆ + (l + 1)Xlmϕˆ
]
(11)
where Equations (5) and (6) were used in the last equality.
In the present study, given that clm is already absorbed in
the definition of Plm, the normalisation constant is W =
1, but different normalisations are adopted across different
disciplines (Altschuler & Newkirk 1969). We take r to be
the normalised stellar radius and adopt r = 1 from now on.
From Equations (9) and (11), we have∫
(ZlmZ
∗
l′m′ +XlmX
∗
l′m′) dΩ =
Wl
(l + 1)
δl′lδm′m . (12)
2.2.2 Derivation of αlm
The coefficients αlm, βlm and γlm are complex numbers,
which are decomposed into their real and imaginary parts
(e.g., αlm = <(αlm) + i=(αlm)). Here, for completeness, we
derive the equations to compute αlm, noting that this deriva-
tion can also be found in many textbooks. To start, we mul-
tiply Equation (1) by Y ∗l′m′ and integrate it over the stellar
surface∫
Br(θ, ϕ)Y
∗
l′m′ dΩ =
∫ ∑
lm
αlmYlmY
∗
l′m′ dΩ (13)
=
∑
lm
αlmWδl′lδm′m = αl′m′W
where we used Equation (8). Noting that Y ∗l′m′ =
Pl′m′ [cos(m
′ϕ) − i sin(m′ϕ)], the real and imaginary parts
of previous equation are (dropping the prime symbols)
<(αlm) = 1
W
∫
Br(θ, ϕ)Plm cos(mϕ) dΩ , (14)
=(αlm) = − 1
W
∫
Br(θ, ϕ)Plm sin(mϕ) dΩ . (15)
Therefore, from an observed distribution of Br(θ, ϕ), one
can then solve for αlm using Equations (14) and (15).
2.2.3 Derivation of βlm
The process to derive the coefficients βlm and γlm involves
a longer mathematical manipulation, since they are part of
two coupled equations. The trick to derive βlm is to multiply
Equation (2) by Z∗l′m′ and Equation (3) by −X∗l′m′ and sum
the resulting equations
[Bθ(θ, ϕ)Z
∗
l′m′ −Bϕ(θ, ϕ)X∗l′m′ ] =∑
lm
{
βlm(Z
∗
l′m′Zlm +X
∗
l′m′Xlm) + γlm(Z
∗
l′m′Xlm −X∗l′m′Zlm)
}
. (16)
We now integrate Equation (16) over the stellar surface to
obtain∫
[Bθ(θ, ϕ)Z
∗
l′m′ −Bϕ(θ, ϕ)X∗l′m′ ] dΩ =∫ ∑
lm
βlm(Z
∗
l′m′Zlm +X
∗
l′m′Xlm) dΩ
+
∫ ∑
lm
γlm(Z
∗
l′m′Xlm −X∗l′m′Zlm) dΩ (17)
After some algebraic manipulation, we can demonstrate that
the integral
∫ ∑
lm γlm(Z
∗
l′m′Xlm−X∗l′m′Zlm) dΩ = 0, so that
the second term on the right hand side is null (see Appendix
A). Using the orthogonal property (12), Equation (17) be-
comes∫
[Bθ(θ, ϕ)Z
∗
l′m′ −Bϕ(θ, ϕ)X∗l′m′ ] dΩ =
=
∑
lm
βlm
Wl
(l + 1)
δl′lδm′m = βl′m′
Wl′
(l′ + 1)
. (18)
Substituting Equations (5) and (6) into last equation, the
real and imaginary parts of βlm become (dropping the prime
symbols)
<(βlm) = 1
Wl
∫ [
Bθ cos(mϕ)
dPlm
dθ
+Bϕ
m sin(mϕ)
sin θ
Plm
]
dΩ ,
(19)
=(βlm) = −1
Wl
∫ [
Bθ sin(mϕ)
dPlm
dθ
−Bϕm cos(mϕ)
sin θ
Plm
]
dΩ .
(20)
c© 2016 RAS, MNRAS 000, 1–11
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2.2.4 Derivation of γlm
To derive γlm we start by multiplying Equation (2) by X
∗
l′m′
and Equation (3) by Z∗l′m′ and summing the resulting equa-
tions:
[Bθ(θ, ϕ)X
∗
l′m′ +Bϕ(θ, ϕ)Z
∗
l′m′ ] =∑
lm
{
βlm(X
∗
l′m′Zlm − Z∗l′m′Xlm) + γlm(X∗l′m′Xlm + Z∗l′m′Zlm)
}
. (21)
We now integrate Equation (21) over the stellar surface to
obtain∫
[Bθ(θ, ϕ)X
∗
l′m′ +Bϕ(θ, ϕ)Z
∗
l′m′ ] dΩ =∫ ∑
lm
βlm(X
∗
l′m′Zlm − Z∗l′m′Xlm) dΩ
+
∫ ∑
lm
γlm(X
∗
l′m′Xlm + Z
∗
l′m′Zlm) dΩ . (22)
As the integral
∫ ∑
lm βlm(X
∗
l′m′Zlm − Z∗l′m′Xlm) dΩ = 0
(c.f. Appendix A), the first term on the right hand side is
null. Using the orthogonal property (12), we thus have∫
[Bθ(θ, ϕ)X
∗
l′m′ +Bϕ(θ, ϕ)Z
∗
l′m′ ] dΩ =
=
∑
lm
γlm
Wl
(l + 1)
δl′lδm′m = γl′m′
Wl′
(l′ + 1)
. (23)
Substituting Equations (5) and (6) into last equation, the
real and imaginary parts of γlm become (dropping the prime
symbols)
<(γlm) = −1
Wl
∫ [
Bθ
m sin(mϕ)
sin θ
Plm −Bϕ cos(mϕ)dPlm
dθ
]
dΩ ,
(24)
=(γlm) = −1
Wl
∫ [
Bθ
m cos(mϕ)
sin θ
Plm +Bϕ sin(mϕ)
dPlm
dθ
]
dΩ .
(25)
We provide in Appendix B the discretised forms of
Equations (14), (15), (19), (20), (24), (25), to be used in
numerical integrations.
2.3 Toroidal and poloidal field components
We can also express the vector magnetic field in terms of its
poloidal and toroidal components, similarly to several stel-
lar ZDI studies (Petit et al. 2008; Donati & Landstreet 2009;
See et al. 2015; Vidotto et al. 2016) and following the de-
composition used by Elsasser (1946); Chandrasekhar (1961,
Appendix III). The toroidal part of the field is associated
with the terms with γlm in Equations (1) to (3), i.e., the ra-
dial, meridional and azimuthal components of the toroidal
field are, respectively
Btor,r(θ, ϕ) = 0 , (26)
Btor,θ(θ, ϕ) =
∑
lm
γlm
imPlme
imϕ
(l + 1) sin θ
, (27)
Btor,ϕ(θ, ϕ) =
∑
lm
γlm
1
l + 1
dPlm
dθ
eimϕ . (28)
Likewise, the radial, meridional and azimuthal components
of the poloidal part of the field are
Bpol,r(θ, ϕ) ≡ Br(θ, ϕ) =
∑
lm
αlmPlm(cos θ)e
imϕ , (29)
Bpol,θ(θ, ϕ) =
∑
lm
βlm
1
l + 1
dPlm
dθ
eimϕ , (30)
Bpol,ϕ(θ, ϕ) = −
∑
lm
βlm
imPlme
imϕ
(l + 1) sin θ
, (31)
such that Bpol + Btor = B. In the limit of a purely axisym-
metric field (m = 0), the toroidal field has only azimuthal
component and the poloidal field only has radial and merid-
ional components (i.e., it lies in meridian planes).
Using equations (29) to (31), we calculate the av-
erage squared poloidal component of the magnetic field
〈B2pol〉 = 14pi
∫ ∑
k B
2
pol,k(θ, ϕ) dΩ, with k = r, θ, ϕ. The frac-
tion of poloidal fields is then fpol = 〈B2pol〉/〈B2〉, where
〈B2〉 = 1
4pi
∫ ∑
k B
2
k(θ, ϕ) dΩ. The toroidal equivalent is
〈B2tor〉 = 〈B2〉 − 〈B2pol〉 and ftor = 1− fpol.
3 APPLICATION TO SOLAR SYNOPTIC
MAPS OF THE VECTOR MAGNETIC FIELD
We illustrate the application of the equations we derived in
Section 2 using a recently published synoptic map of the
solar magnetic field produced with the SOLIS/VSM spec-
trograph (Gosain et al. 2013) and reproduced in the top
row of Figure 2. First, we decompose each component of the
magnetic field distribution using spherical harmonics and
compute αlm, βlm and γlm using Equations (14), (15), (19),
(20), (24), and (25). We adopt a maximum degree lmax = 150
in this exercise. Table 1 shows the coefficients computed for
the first five harmonics degrees of the decomposition.
Using these derived coefficients, we then compute the
large-scale field by restricting the sums in Equations (1) to
(3) up to l 6 lmax = 5. The resulting large-scale solar vector
field is shown in the second row of Figure 2 and in Figure 3,
where we overlay the magnetic vectors in the photosphere.
We chose lmax = 5 because this is a typical maximum degree
achieved in ZDI studies of stellar magnetism.
As one goes towards larger lmax values, the differences
between the original image and the reconstructed one shall
become increasingly small. As a proof-of-concept, we show in
the bottom row of Figure 2 the reconstructed magnetic field
with l 6 150. Note that most of the small-scale features that
we see in the original synoptic map (top row) are already
reconstructed at this high-l degree. For easier identification
of these features, the contour levels of the top and bottom
rows are saturated to ±30 G.
Additionally, for each l = [1, lmax], we compute the mag-
netic field distribution of each degree using Equations (1) to
(3), i.e., the sums are restricted to a single degree l, with
sums over orders |m| 6 l. With that, we compute the av-
erage squared magnetic field (i.e., proportional to the mag-
netic energy) 〈B2k〉 = 14pi
∫
B2k(θ, ϕ) dΩ, where k = r, θ or ϕ.
The distributions of the average magnetic energies (radial,
azimuthal and meridional) for each l-degree are shown in
the top panel of Figure 4, while the bottom panel shows the
c© 2016 RAS, MNRAS 000, 1–11
6 A. A. Vidotto
Figure 2. Top row: Solar synoptic map of the vector field derived from SOLIS observations by Gosain et al. (2013) for Carrington
Rotation CR2109. Middle row: The large-scale magnetic field of the solar photosphere at CR2109. This field is reconstructed from the
original map (upper row), by restricting the spherical harmonics reconstruction up to a degree l 6 5, which is typical in stellar studies.
Bottom row: The reconstructed solar magnetic field with l 6 150, showing that the small-scale features that we see in the original
synoptic map (top row) are recovered at l 6 150.
fractional energy. For l . 40, more than 90% of the total
magnetic energy at each degree is contained in the radial
component. For l & 40, the contribution from the azimuthal
and meridional components at each spherical harmonic de-
gree increases and, at l = 150, these components together
are responsible for∼ 45% of the magnetic energy. This shows
that, as we go towards small-scale fields (increasing l), the
azimuthal and meridional energies in each degree starts to
become more significant, and that at large scales, the energy
is mainly concentrated in the radial component. The peak
at l ∼ 25 in the top panel of Figure 4 is related to spatial
scales of ∼ 180o/l ' 7o, which coincides to the angular size
of solar active regions. The peak in the radial magnetic en-
ergy is, therefore, likely linked to the moment when active
regions start to be resolved.
Computing the (cumulative) magnetic energies for all
degrees up to a given lmax = 150, we find that about 10%
of the energy is in the azimuthal component, 7% is in the
meridional component, and 83% is in the radial component.
Our results demonstrate that the solar magnetic field is not
purely radial. This could already be seen in the original syn-
optic map derived by Gosain et al. (2013, see also top panel
of Figure 2).
It is also worth converting the vector field from spheri-
cal coordinates to poloidal and toroidal components, as the
latter are the ones most often quoted in papers and the
ones predicted by dynamo theories. The top panel of Figure
5 shows the poloidal and toroidal energies as a function of
lmax. These energies were computed using Equations (26)
to (31). Since these are cumulative energies, the energies
increase with lmax. We also note that the dominant compo-
nent of the field is poloidal: for lmax . 40, more than 96%
of the energy is poloidal, while for lmax & 40, the poloidal
energy varies monotonically from 96% to 91%. For compar-
ison, the map shown in Figure 1 has a similar fraction of
poloidal energy (89%) as the solar map at CR2109. Although
the fractions of poloidal/toroidal fields are similar, the mag-
netic field distributions differ. Figure 5 demonstrates that
the solar magnetic field during CR2109 is mainly poloidal
and Figures 2 and 4 show that it is dominated by the radial
component.
Lastly, we show in Figure 6 the poloidal and toroidal
vector fields of the large-scale field of the Sun (lmax = 5).
Since Bpol,r ≡ Br and this is shown in the second row of
Figure 2, Bpol,r is not repeated in Figure 6. For l 6 5, 94.5%
of the energy is contained in the poloidal component, which
is highly non-axisymmetric, with only 4.6% of the energy in
modes with m = 0 or m < l/2.4
4 At CR2109, the dipolar axis is at a latitude of −7o, i.e., it
lies almost along the equatorial plane, contributing to the non-
axisymmetry of the solar magnetic field.
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Figure 4. Top: Distribution of the magnetic energies contained in each l degree for the radial (green), meridional (red) and azimuthal
(blue) components, decomposed from the observed synoptic map of the vector field of the Sun (top panels of Figure 2; Gosain et al.
2013). Bottom: the same, but for the fractional energy.
Figure 6. The large-scale field of the Sun is decomposed into poloidal and toroidal vector fields, whose meridional and azimuthal
components are shown here.
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Table 1. Spherical harmonics coefficients derived in the decom-
position of the magnetic field distribution of the solar synoptic
map of the vector field (top row of Figure 2). We adopt a max-
imum degree lmax = 150 in the decomposition, but only present
below the first five harmonics degrees, which are used to recon-
struct the large-scale field of the Sun at CR2109 (middle row of
Figure 2).
l m <(αlm) =(αlm) <(βlm) =(βlm) <(γlm) =(γlm)
(G) (G) (G) (G) (G) (G)
1 0 −0.288 0 −0.272 0 0.410 0
1 −1.635 −2.930 0.222 −0.467 0.043 −0.669
2 0 0.859 0 0.097 0 0.777 0
1 0.478 −0.382 0.027 0.097 0.089 0.756
2 −2.231 −2.575 −0.551 −0.133 0.448 −0.384
3 0 −0.195 0 0.194 0 −0.119 0
1 −0.565 0.501 0.628 0.393 −0.092 0.761
2 1.074 2.487 −0.275 −0.178 −0.112 0.090
3 −0.295 −2.718 0.018 −0.536 0.423 −0.529
4 0 0.094 0 −0.394 0 −0.439 0
1 −0.323 0.103 −0.160 −0.011 −0.365 −0.171
2 0.821 −0.098 0.762 0.298 −0.332 −0.176
3 0.954 4.819 0.228 −0.088 0.277 0.449
4 −5.215 −0.564 −1.093 0.013 0.537 −0.594
5 0 −0.153 0 0.335 0 −0.180 0
1 1.839 0.241 −0.505 −0.143 0.226 −0.642
2 −0.405 −3.231 −0.031 −0.219 0.088 −0.291
3 −0.198 2.383 0.426 0.292 0.340 0.575
4 0.685 2.977 −0.068 0.330 −0.094 0.610
5 0.514 −0.323 −0.177 −0.110 0.299 −1.587
0.1 1.5 2.9 4.3 5.7 7.1 8.5
Btot (G)
phase=0.5 phase=0.75
phase=0.25phase=0
Figure 3. The large-scale magnetic field vector at the solar pho-
tosphere for CR2109. The colours indicate the distribution of the
magnitude of the surface magnetic field. Each panel indicates a
different rotational phase.
Figure 5. Top: Poloidal (green), toroidal (red) and total (blue)
average squared magnetic field as a function of lmax. Bottom:
The same, but for the fractional energies. Both panels refer to
the synoptic vector field of the Sun at CR2109.
4 DISCUSSION AND CONCLUSIONS
In this study, we derived a mathematical formalism to
decompose any synoptic map of a vector magnetic field
in terms of spherical harmonics. Given an observed bi-
dimensional (longitude versus latitude) distribution of the
vector magnetic field (Br, Bθ and Bϕ components), we pre-
sented a self-consistent derivation of the spherical harmon-
ics coefficients αlm, βlm and γlm (Equations (14), (15), (19),
(20), (24), and (25), or, in their discretised forms, Equations
(B1) to (B6)). Our description is entirely consistent with the
description adopted in several ZDI studies (e.g. Donati et al.
2006b).
Synoptic maps of the vector field are currently available
from solar (Gosain et al. 2013) and stellar (e.g. Donati et al.
2006b, 2015; Morin et al. 2010; Fares et al. 2012; Morgen-
thaler et al. 2012) observations and are also synthesised in
numerical simulations of dynamo and magnetic flux trans-
port studies (e.g. Is¸ık, Schmitt & Schu¨ssler 2011; Gibb, Jar-
dine & Mackay 2016). Our method is particularly relevant
for comparing the results of the lower resolution stellar syn-
c© 2016 RAS, MNRAS 000, 1–11
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optic maps against the higher resolution solar or synthetic
synoptic maps of the vector field. By filtering out the spher-
ical harmonics with high degrees, our method allows one to
transform high-resolution maps into maps with similar reso-
lution as those derived in stellar studies, allowing, therefore,
their direct comparison.
In Section 3, we provided an example of the use of
the equations we derived by providing an application to the
study of the solar magnetic fields. For that, we used a syn-
optic map of the vector field of the Sun reconstructed at
Carrington Rotation CR2109 (Gosain et al. 2013). We sepa-
rated the large- and small-scale structure of the solar field by
decomposing each component of the magnetic field distribu-
tion using spherical harmonics: we computed the spherical
harmonics coefficients αlm, βlm and γlm out to a maximum
degree lmax = 150 (see Table 1 for the coefficients corre-
sponding to the first five l-degrees of the spherical harmonics
decomposition). Using these coefficients, we then computed
the large-scale field by restricting the sums up to lmax = 5
in Equations (1) to (3) (see Figure 2, second row). We have
chosen lmax = 5 because this is a typical maximum degree
achieved in ZDI studies of stellar magnetism.5
We showed that, at CR2109, the radial component of
the solar magnetic field is the dominant one (Figure 4), and
that, for lmax = 150, 83% of the energy is in the radial
component, while 10% is in the azimuthal and 7% is in the
meridional components. The non-radial nature of the pho-
tospheric solar magnetic field was already shown by Gosain
et al. (2013) and here we demonstrated that the large-scale
field of the Sun is not purely radial either. By converting
the vector field from spherical coordinates (which are easy
to visualise) to poloidal and toroidal components (the ones
most often quoted in papers and the ones predicted by dy-
namo theories), we showed that the solar magnetic energy
at CR2109 is mainly (> 90%) poloidal (Figure 5).
Another way to separate large- and small-scale fields
is by segregating weak and strong field regions (associated
with the large- and small scale fields, respectively) using a
cut-off criterion in the magnetic field strength. This has been
adopted in several studies (e.g., Zhang 2006; Gosain et al.
2013), who considered the strong radial fields to have |Br| >
1000 G and weak fields to have 100 G < |Br| < 500 G.
These approaches have the advantage of being straightfor-
ward and do not require long mathematical derivations such
as the ones we presented here. The downside of approaches
that use a cut-off in field strength is that they do not ensure
the connectivity between the three magnetic components.
For example, a region with |Br| > 1000 G does not nec-
essarily have |Bθ| or |Bϕ| > 1000 G; if the same cut-off
threshold is used for the three components, the strong fields
in the radial, meridional and azimuthal components might
not be connected to the same spatial region in the star. In
addition, each point in the solar photosphere is likely to be
composed of fields with different scales, which together add
up to the observed value. Therefore, one cannot associate
5 We remind the reader that the larger the l degree, the faster
is the decay of the magnetic field with distance (e.g. Gregory
et al. 2010), such that, at a few solar/stellar radii, the dominant
magnetic field components are the ones with small l degrees, i.e.,
dipole, quadrupole, octupole, etc.
regions with, e.g., |Br| > 1000 G to be formed of small-scale
fields solely, as an underlying large-scale field is likely to be
present. For this reason, we consider the use of the method
presented here to provide a more reliable way to recover the
solar large-scale magnetic field in its three components.
It is also interesting to study the variation of the ob-
served azimuthal and meridional field components, as well
as the toroidal/poloidal configurations, along the 22-yr so-
lar cycle. Unfortunately, so far, the solar synoptic maps of
the vector field are only available for Carrignton Rotations
CR2109 to 2131 covering a period of less than 2 years (from
2011 March to 2012 December, Gosain et al. 2013). We de-
fer this study for the future, when large time baselines shall
become available.
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APPENDIX A: FURTHER DERIVATIONS
In Section 2, we affirmed that the following integral in
Eq. (17)∫ ∑
lm
γlm(Z
∗
l′m′Xlm −X∗l′m′Zlm) dΩ (A1)
and the following integral in Eq. (22)∫ ∑
lm
βlm(X
∗
l′m′Zlm − Z∗l′m′Xlm) dΩ (A2)
are both null. Here, we demonstrate these affirmations. As
both demonstrations are fairly similar, we only detail the
mathematical derivation for one of these integrals.
We start by rewriting the first term in Eq. (A2) using
Eqs. (5) and (6)
X∗l′m′Zlm =
−im′ei(m−m′)ϕ
(l + 1)(l′ + 1) sin θ
Pl′m′
dPlm
dθ
(A3)
and the second term as
− Z∗l′m′Xlm = −ime
i(m−m′)ϕ
(l′ + 1)(l + 1) sin θ
Plm
dPl′m′
dθ
. (A4)
Using the previous two equations, (A2) then becomes∫ ∑
lm
−βlmiei(m−m′)ϕ
(l′ + 1)(l + 1) sin θ
(m′Pl′m′
dPlm
dθ
+mPlm
dPl′m′
dθ
) dΩ. (A5)
Rearranging terms and using dΩ = sin θ dθ dϕ, we now have∑
lm
{ −βlmi
(l′ + 1)(l + 1)
∫
ei(m−m
′)ϕ dϕ
∫
1
sin θ
(
m′Pl′m′
dPlm
dθ
+mPlm
dPl′m′
dθ
)
sin θ dθ
}
. (A6)
As
∫
ei(m−m
′)ϕ dϕ = 2piδm′m, the terms that contribute to
the sum in (A6) are those when m = m′, and the expression
(A6) can be rewritten as∑
lm
−2piβlmmi
(l′ + 1)(l + 1)
∫ (
Pl′m
dPlm
dθ
+ Plm
dPl′m
dθ
)
dθ. (A7)
Since∫ (
Pl′m
dPlm
dθ
+ Plm
dPl′m
dθ
)
dθ =
∫
d
dθ
(Pl′mPlm) dθ = 0 ,
(A8)
this implies that (A6) and, consequently, (A2), are zero.
APPENDIX B: DISCRETISED FORM OF THE
EQUATIONS FOR THE SPHERICAL
HARMONICS COEFFICIENTS
To obtain the spherical harmonics coefficients αlm, βlm and
γlm, one needs to solve Equations (14), (15), (19), (20), (24),
and (25), whose input are the observed components of the
solar/stellar surface magnetic fields Br, Bθ and Bϕ. These
quantities are often made available as bi-dimensional (lati-
tude versus longitude), discrete arrays. It is, therefore, nec-
essary to solve for αlm, βlm and γlm in a discrete form, i.e.,
the integrals in Equations (14), (15), (19), (20), (24), and
(25) become discrete sums.
Consider arrays of {Br, Bθ, Bϕ} spaced in nθ latitudi-
nal grid points and nϕ longitudinal grid points. The discrete
form of Equations (14), (15), (19), (20), (24), and (25) be-
come, respectively:
<(αlm) =
nϕ∑
i=1
nθ∑
j=1
Br(θj , ϕi)Plm(cos θj) cos(mϕi) sin θj
∆θ∆ϕ
W
,
(B1)
=(αlm) = −
nϕ∑
i=1
nθ∑
j=1
Br(θj , ϕi)Plm(cos θj) sin(mϕi) sin θj
∆θ∆ϕ
W
,
(B2)
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<(βlm) =
nϕ∑
i=1
nθ∑
j=1
{
Bθ(θj , ϕi) cos(mϕi) sin θj
dPlm(cos θj)
dθ
+Bϕ(θj , ϕi)m sin(mϕi)Plm(cos θj)
} ∆θ∆ϕ
Wl
, (B3)
=(βlm) = −
nϕ∑
i=1
nθ∑
j=1
{
Bθ(θj , ϕi) sin(mϕi) sin θj
dPlm(cos θj)
dθ
−Bϕ(θj , ϕi)m cos(mϕi)Plm(cos θj)
} ∆θ∆ϕ
Wl
, (B4)
<(γlm) = −
nϕ∑
i=1
nθ∑
j=1
{
Bθ(θj , ϕi)m sin(mϕi)Plm(cos θj)
−Bϕ(θj , ϕi) cos(mϕi) sin θj dPlm(cos θj)
dθ
}
∆θ∆ϕ
Wl
, (B5)
=(γlm) = −
nϕ∑
i=1
nθ∑
j=1
{
Bθ(θj , ϕi)m cos(mϕi)Plm(cos θj)
+Bϕ(θj , ϕi) sin(mϕi) sin θj
dPlm(cos θj)
dθ
}
∆θ∆ϕ
Wl
, (B6)
where ∆θ = pi/nθ and ∆ϕ = 2pi/nϕ.
This paper has been typeset from a TEX/ LATEX file prepared
by the author.
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